Abstract. For every q ∈ (0, 1) and 0 ≤ α < 1 we define a class of analytic functions, so-called q-starlike functions of order α, on the open unit disk. We study this class of functions and explore the relationships with other well-known classes of analytic functions. The paper is also devoted to the discussion on the Herglotz representation formula for analytic functions zf (z)/f (z) when f (z) is q-starlike of order α. We also consider the concept of q-integrals and as a result we find a function that maximizes the coefficients of power series of q-starlike functions of order α. As an application to special functions we obtain the order of q-starlikeness of the shifted basic hypergeometric functions zΦ [a, b; c; q, z] for certain real values of a, b, c.
Introduction and preliminary
In view of the well-known Riemann mapping theorem, in the classical complex analysis, the unit disk D = {z ∈ C : |z| < 1} is well understood to consider as a standard domain. The analytic functions such as convex, starlike, and close-to-convex functions defined in the unit disk have been extensively studied and found numerous applications to various problems in complex analysis and related topics. Part of this development is the study of subclasses of the class of univalent functions, more general than the classes of convex, starlike, and close-to-convex functions. Analytic and geometric characterizations of such functions are of quite interesting to all function theorists in general. Background knowledge in this theory can be found from standard books in geometric function theory (see for instance [10, 13] ). In this connection, our main aim is to extend the theory of functions in q-theory. In particular, we introduce a generalization of starlike functions of order alpha associated with q-theory and discuss its several interesting properties. Motivation behind this comes from the work of Ismail et. al., where a similar generalization of starlike functions was introduced in 1990 (see [16] ). The q-theory has important role in special functions and quantum physics (see for instance [7, 11, 12, 18, 19, 29] ). For updated research work in function theory related to q-analysis, readers can refer [2, 16, 25, 26, 27] . As a result we also consider the shifted basic hypergeometric functions introduced by Heine [15] and found its q-analog of order of starlikeness. Basic background knowledge on File: AgrSahP2_Mar2014-arxiv.tex, printed: 16-4-2014, 1.37 the order of starlikeness of the well-known Gauss hypergeometric functions can be found in [14, 20, 22, 23, 24, 28] .
We now collect some standard notations and basic definitions used in this paper. Our notations are quite standard. We denote by H(D), the set of all analytic (or holomorphic) functions in D. We use the symbol A for the class of functions f ∈ H(D) with the standard normalization f (0) = 0 = f (0) − 1. This means that the functions f ∈ A have the power series representation of the form z + ∞ n=2 a n z n . The shifted Heine hypergeometric series
with |q| < 1 and the real or complex parameters a, b, c, is convergent in the unit disk D, and hence the converging shifted function denoted by zΦ[a, b; c; q, z] is in A. Here, (a; q) n is known as Watson's symbol (also called the q-shifted factorial) for n ≥ 0. This is defined by
for all real or complex values of a. The limiting value
says that, with the substitution a → q a , the Heine hypergeometric function turns into the well-known Gauss hypergeometric function F (a, b; c; z) when q approaches 1 − . For 0 < q < 1, the q-difference operator denoted as D q f is defined by the equation
The operator D q f plays an important role in the theory of basic hypergeometric series (see [2, 7, 12, 29] ). Some of the relations of this type are also discussed in the Section 3 of this paper. It is evident that, when q → 1 − , the difference operator D q f converges to the ordinary differential operator
We use the notation S * (α) for the class of starlike functions of order. In particular, when α = 0, the class S * := S * (0) denotes the class of usual starlike functions. One way to generalize the starlike functions of order α is to replace the derivative function f (z) by the q-difference operator D q f and replace the right-half plane {w : Re w > α} by a suitable domain in the above definition of the starlike functions of order α. The appropriate definition turned out to be the following:
This form of the definition is useful in Section 2 and an equivalent form of this definition is also considered in Section 3. Observe that as
−1 becomes the right-half plane and the class S * q (α) reduces to S * (α), 0 ≤ α < 1. In particular, when α = 0, the class S * q (α) coincides with the class S * q := S * q (0), which was first introduced by Ismail et. al. [16] in 1990 and later (also recently) it has been considered in [2, 25, 26, 27] . In [16] , it is proved that
In words we call S * q (α), the class of q-starlike functions of order α. Section 2 is devoted for basic interesting properties of q-starlike functions of order α. In particular, we characterize functions f ∈ S * q (α) in such a way that the functions zf (z)/f (z) can be expressed in terms of an integral of a convergent q-series with respect to a probability measure supported on the unit circle ∂D := {z ∈ C : |z| = 1}. As a result this produces functions in S * q (α), whose coefficients have maximum moduli. The corresponding extremal function with its graph is also explicitly obtained.
We now introduce the concept of order of q-starlikeness for functions f ∈ A. This approaches to obtain a q-analog of a result of Küstner (see [20, Theorem 1.1]) concerning order of starlikeness of functions f ∈ A. In his paper, Küstner defined the order of starlikeness by the quantity
If f is starlike of order α, then σ(f ) ≥ α. From the definition of S * q (α), the order of q-starlikeness may be defined by the quantity (see Section 3 for detailed explanation of the definition)
where
In Section 3, we estimate an optimal bound for q-starlikeness of the shifted basic hypergeometric functions zΦ[a, b; c; q, z].
Finally, we focus on concluding remarks with few questions in Section 4 for future research in this direction.
2. Properties of the class S * q (α) As a matter of fact the following proposition says that a function f in S * q (α) can be obtained in terms of a function g in S * q . The proof is obvious and it follows from the definition of S * q (α), 0 ≤ α < 1.
holds. Similarly, for a given function g ∈ S * q there exists f ∈ S * q (α) satisfying the above relation. Uniqueness follows trivially.
In this context, we also use the concept of q-integral. As noted in [11, pp. 53 ], Archimedes calculated the integral of x 2 as the sum of a finite geometric series. Fermat introduced the q-integral of the function x α , α rational, on the interval [0, 1] (see [8, pp. 485] and [4] ). This was done by introducing the Fermat measure, which puts mass a(1 − q)q n at x = aq n (see [4] ). Thomae was a pupil of Heine who in 1869 introduced the so-called q-integral
provided the q-series converges. In 1910, Jackson defined the general q-integral [17] (see also [11, 5, 30, 31] )
provided the q-series converges. Observe that
where the second equality holds if f is continuous at x = 0. For more background on q-integrals, refer [3, 5, 6] . In the sequel, the following lemma is also useful to prove our main theorem concerning Bieberbach's conjecture problem for functions in S * q (α) (see Theorem 2.9). Lemma 2.2. For f ∈ H(D) and 0 < q < 1, we have
Then the conclusion follows by taking q-integral.
Next we present a easy characterization of functions in the class S * q (α). This shows that if f ∈ S * q (α) then f (z) = 0 implies z = 0, otherwise f (qz)/f (z) would have a pole at a zero of f (z) with least nonzero modulus. Theorem 2.3. For a function f ∈ S * q (α) it is necessary and sufficient that
Proof. The proof can be easily obtained from the fact
and the definition of S * q (α). The next result is an immediate consequence of Theorem 2.3. Proof. The inclusions
clearly hold. It remains to show that
holds. For this, we let f (z) ∈ S * (α). Then it is enough to show that f (z) ∈ S * q (α) for all q ∈ (0, 1). Since f (z) ∈ S * (α) there exists a unique g ∈ S * satisfying
, |z| < 1.
Since S * = ∩ 0<q<1 S * q , it follows that g(z) ∈ S * q for all q ∈ (0, 1). Thus, by Proposition 2.1 there exists a unique h(z) ∈ S * q (α) satisfying the identity (2) with h(z) = f (z). The proof now follows immediately.
We now define two sets and proceed to prepare some analytic results which will be used to prove our main results in this section.
Proof. We set (1 − α)h(z) + αq = g(z). Since h(z) ∈ B q , it easily follows that g(z) ∈ B q . By [16, Lemma 2.1], the conclusion of our lemma follows. 
Proof. The convergence of the infinite product is proved in Lemma 2.5. Since h ∈ B 0 q , we have h(z) = 0 in D and the infinite product does not vanish in D. Thus, the function f (z) ∈ A and we find the relation
Since h(z) ∈ B 0 q , we get f (z) ∈ S * q (α) and the proof of our lemma is complete.
Theorem 2.7. The mapping ρ :
Proof. In view of Lemma 2.5 and Lemma 2.6, we remain to show that ρ is one-one. For
It follows that the function ψ(z) = f 1 (z)/f 2 (z) satisfies the recurrence relation
Therefore, ψ(z) must be a constant. This constant must be 1, since f 1 (0) = f 2 (0) = 1. This completes the proof of our theorem.
One of the crucial supplementary results in supporting the materials for the proof of the Bieberbach conjecture problem for functions in S * q (α) is the following. This is one kind of Herglotz Representation Theorem for the class S * Graph of F 5/6,1/2 (z), |z| < 1 Figure 2 . Graphs of the complex functions F q,α (z) for |z| < 1.
Theorem 2.8. Let g(z) ∈ A. Then g ∈ S * q (α) if and only if there exists a probability measure µ supported on the unit circle such that
Proof. Let g(z) ∈ S * q (α). By Proposition 2.1, there exists a function f (z) ∈ S * q such that
equivalently, we obtain
As q → 1 − , we get
Since f ∈ S * q , by [16, Theorem 1.15], we have the Herglotz representation
In view of the relation (3), we obtain
On simplification, we conclude the representation
This completes the proof of our theorem.
We now turn into the Bieberbach conjecture for functions in S * q (α). The extremal function is also explicitly obtained in terms of exponential of the function F q,α (z) (see Figure 1 , when z = x is real). This exponential form generalizes the Koebe function
That is, when q → 1 − , the exponential form G q,α (z) := z exp[F q,α (z)] representing the extremal function for the class S * q (α) turns into the Koebe function k α (z) (see Figure 3 , when z = x is real). Graph of G 5/6,1/2 (x), 0 ≤ x < 1 Figure 3 . Graphs of the real functions G q,α (x) for 0 ≤ x < 1. Graph of G 5/6,1/2 (z), |z| < 1 Figure 4 . Graphs of the complex functions G q,α (z) for |z| < 1.
, then |b n | ≤ d n with equality holding for all n if and only if g is a rotation of G q,α .
Proof. First we prove that G q,α ∈ S * q (α). In [16, Theorem 1.18] , it is obtained that
Properties of principal logarithm for the identity
Multiplying the factor (q − 1)/ ln q on both sides, Lemma 2.2 gives
Taking the q-differentiation on both sides, we have
and the first part of our proof follows. Now we proceed to show the maximum moduli |b n | ≤ d n . Write
where ψ n = (2 ln q)/(q n − 1) and
On simplification, we get
By taking exponential both sides, we have
can be written as 
That is, we have (4) |ζ n | ≤ ξ n .
In view of the series representations g(z) = z exp
n , the conclusion follows from (4).
3.
Order of q-starlikeness of zΦ[a, b; c; q, z]
As one can see in Section 1 that the direct q-analog of the order of starlikeness σ(f ) was nontrivial. The following equivalent form of Definition 1.1 is useful for readers:
Geometrically, f is q-starlike of order α if and only if the domain values of the differential function w := z(D q f )(z)/f (z), z ∈ D, is the disk centred at (1 − αq)/(1 − q) with radius (1 − α)/(1 − q). Squaring the inequality given in (5) on both the sides and simplify, we get
Solving the inequality for α, we obtain the required order, σ q (f ), of q-starlikeness of functions f ∈ S * q (α). This section is devoted to find the order of the q-starlikeness of the shifted basic hypergeometric function zΦ[a, b; c; q, rz], for real parameters a, b and c. 
Hence,
Now, as obtained in [2] , we have
This gives
Equation (6) yields
Recall the difference equation stated in [2] , which is equivalent to
Substituting this ratio in (7), we get
It follows from [2] that
where s is defined in the statement of our theorem with q ∈ (0, 1) and the non-negative real numbers a, b, c satisfying 0 ≤ 1 − aq ≤ 1 − cq and 0 < 1 − b < 1 − c. Now, for s > 0, r ∈ (0, 1] and from equation (9) it follows that the minimum of Re w for |z| ≤ r is attained at the point z = −r and that the minimum is at least 1 − rs (1 + r)
. Secondly, for s < 0, r ∈ (0, 1] and from equation (9), it follows that the minimum of Re w for |z| ≤ r is attained at the point z = r and that the minimum is at least 1 + rs (1 − r) .
The upper estimate for Re w follows from (8) and an integral representation of the ratio Φ[aq, bq; cq; q, z]/Φ[a, b; c; q, z] obtained in [2, Theorem 2.13]. Hence, the conclusion of our theorem follows.
Remark. Making the substitutions a → q a , b → q b and c → q c , and taking the limit as q → 1 − , we achieve the result of Küstner [20, Theorem 1.1].
Concluding remarks
At the beginning of the last century studies on q-difference equations appeared in intensive works especially by Jackson [17] , Carmichael [9] , Mason [21] , Adams [1] , Trjitzinsky [32] , later by other authors such as Poincare, Picard, Ramanujan. Unfortunately, from the thirties up to the beginning of the eighties only nonsignificant interest in the this area was investigated. Recently it is been investigated widely by Bangerezako [6] (see also references there in). Research works in connection with function theory and q-theory together was first introduced by Ismail and et. al. [16] . Later it is also studied in [26, 25, 27, 2] . Since only few work have been carried out in this direction, as indicated in [2] , there are a lot can be done. For instance, q-analog of convexity of analytic functions in the unit disk and even more general in arbitrary simply connected domains may be investigated in near future. Bieberbach conjecture problem for q-close-to-convex functions is estimated optimally in a recent paper [27] and sharpness of this result is still an open problem, as also made a conjecture there.
